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ABSTRACT
4-

We present a compiletion of probability density functions, di.stribu-

tion functions, and characteristic functions for several arithmetic com-

binations of Gaussian random variables. These functions, the distribution

functions in particular, need to be known for the evaluation of the error

probabilities of many communication systems. We endeavour, as far as

possible, to express these functions in "closed form" in terms of well

known (and tabulated) transcendental functions. Our purpose is to have

a convenielit list of canonical forms which will be useful when working

with arithmetic combinations of Gaussian random variables.

Since distribution functions are the most useful, they are listed

first. In the second half the density functions, zharacteristic functions,

and some moments are listed. Both halves follow the same outline so that

one can easily locate corresponding functions relating to the same random

variable. Since many distribution functions could not be found, in the

list of distribution functions there are dashes, -- , to indicate these

yet unknown functions.

Same misc~llaneous results are given in Appendix A. The transcendental

functions a':e defined in Appendix B along with some useful relationships.
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DEFINITIONS AND NOTATION

" ~Throughout this report capital letters will represent vectors or
matrices with the exception of F, G, and transcendental functions.

F(') and G(-) are the only letters used to represent distribution

functions of random variables with f(.) and g(.) representing the

corresponding density functions. i(i±) will denote all characteristic

functions. Letters x and y are used only for Gaussian random

variables and X and Y are the only letters denoting Gaussian vectors.

X is always a column vector with independent equal variance

Gaussian random variables as components. That is, for X n-dimensional

xl

x
n

n

where nXkk=1 are independent Gaussian random variables with equal

variances, 92 . If EX = A then this class of Gaussian vectors will

be denoted as N_(A,a2). Hence X e Nn(A,c2 ) means that x is an

n-dimensional Gaussian vector with independent components and with com-
2

mon variance a and mean EX = A.

Only Gaussian vectors of the same order are allowed to be statisti-

cally dependent. If X(1) N_(A, ) and X(2) e Nn(B, ) are dependent

then we mean dependence in the following manner.

(1) (2)
1 l) x2 (2) x2 a 2 b

(1 x (2 an b
n nn n
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and

0 j k

E(x(]) - a.) (K2) - b) Jk =1

,P -l a2 j =k

That is, only components of X(I) Pnd X(2) having identical subscripts

can be correlated. We shall summarize this dependence by the matrix.

21U I P a 1 a

M: ; II < 1

2 ,Pal a2 a 2 j

M is the common covariance matrix of the vector-pair components. We

shall also define

1 p

-i
W=M =

•12 w22 •2(1_P2) •2(1.P 212 2

Clearly if X(l) and X(2) are independent then p = 0.
2

If X e N_(O,a'), we shall define

( n 
1 /2ii= I = x )

k 
)

2.
as the Rayleigh variable of order n. r is essentially the central

chi square variable of order n.

SEL-65-079 - xii -



If X e N(A,a2 ) we shall define

"1/2

a = 2i=(X a=

\ kl /

"as the norm of the mean and

n 1/2

2.

as the Rice variable of order n. v is essentially the noncentral chi

square variable of order n. Throughout this paper r and v will

denote only these random variables.

We shall define an inner product for X(l) E Nn(A1,E and

x (2) E N(BU2) as1

n

(2i(l)'x(2)' (1) (2)

k=l

For any positive real number, c, we defina [c] as

[c] = min (n; n _ c; n is an integer)
n

"If z is a random variable and f(-) its density function, we

shall write its (cumulative) distribution function as

F(z) = f(t) dt
-00
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and its characteristic function as

CO
z = if r f(r) dr, i =

SEL-65-079 - xiv -
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I. FUNDAMENTAL VARIABLES

A. GAUSSIAN

x e N1 (a,cr2 )
4.

x a
S- erf

22

F(x) /

2-+erf

"[Ref. 5, p. 136]

B. RAYLEIGH

X Nn(O,o); 2 rI 1II

1. n=l

F(r) = erf r r 0

[Ref. 5, p. 136]

2. n=2

F(r)= 1 - e-r2/2u 2 r z? 0

S3. n 2k (even)_

2 2k-1 (22•

F(r) 1 - e r/2a 2 ' 1. 2  r 0

j--O 2[Ref. 5, p. 134]

- 1 - SEL-65-079



4. n

C. RICE

X rz N n(Aa 2) a =Hl, v= xl

1. n=1

!erf a erf 0 ( ) v 9 l a!
2 2 -rf

F(v) =
1erf + ( erf 1 v > la[

22 2

[Ref. 5, p. 136]

2. n=2

F(v)= - Q v 0 [Ref. 19, p. 159]

3. n = 2k (even)

-~v , v ýO

4. n = 2k+1 (odd)

5. n

SEL-65-079 - 2-



II. RATIO

A. GAUSSIAN/GAUSSIAN

x 6 N1 (a,), y c N1 (b, 2)

Let z = 2
z°

1. Independent

a. a=b=0

F(z) tan- ' [ zRef. 5, p. 30]

2 2
b. a O, b=O0, '7 0=2

-tan+ 1 2V , a z<O

Sý1 2 +z--• 4 l+z
F(z) 2 z = 0

1 ta -' + aV z a z>O0

[Ref. 29, p. 118]

r . 0, b 0

- 3- SEL-65-079
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2. Dependent

2
01 po~lo 2

M=

2

a. a=b=0

F(z) = 1 1 - z "p [Ref. 14]

b. a#O, b=O

c. a o, b#O

B. GAUSSIAN/RAYLEIGH (INDEPENDENT)

xE N 1(,C2), 2) r

Let z = - 1 c -- 2
r a,

1.n l

1 1 -1F(z) = + tan (c-R) Ref. 5, p, 30)

SEL-65-079 - 4 -



2. n=2

F(z) = + z [Ref. 5, p. 50]"2 2(c2 +Z21/

" 3. n=3

F(z) 1 tan-1 (cz) + cz
2 11n(1+c2z 2)

[Ref. 5, p. 30]

4. n 2k (even); "2 2

il 1 1 z 2 )/2 k (2J-) (1+Z) ~ <

+: z2 J jJ-1)/( +14z2/

F(z) =

_ ~ z + ( ~ 2) /2 k (2J-2) J4z 1

[Ref. 16, p. 345]

5. n

C. GAUSSIAN/RICE (INDEPENDENT)

x (0, a)2) N 2)

a = =IAII, V Pill

Let q 2
V 5-

1*- 
5 -SEL-65-079



n 2 2
1 2 =a1

1tan- (1 2V ( j q_S, q<O

F(q) = 1 q =0
2

1t 
ý_ __1

[Ref. 29, p. 118]

2. n=2

~Q(i3,a) - ()exp +2 ~2 i 0(~)qex 2 + 1 ( 043) q < 0

F(q) =

1 (,)+ /-T]2P -x Io((co q -0

where

a F cq 1 [q

O 2 72 [1 2q2 )q1/2 2a 2 (1+c 2 q2 ) 1/2

[Ref. 29, p. 119'

SEL-65-079 - 6 -
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2 2
3. n = 2k (even); a1 = 2 1

[exp I (cc" -(

j=2 (2~ 2) + q2 1 F (-2~ - 2(1 q2))q<

1-Q(a,6) +(•) exp (- + •22I0O) "c + I( q2)1•/2

:- (234) + 4q2) IFI(~ i' 2(1+q2) qO

j=2 j2)4+4

F(q)=

e•,. 1 .exp 1 0 332

k 2j- a 2

j 1) (4 +14q 2 1F 2 j 2(1+q 2)

where

a•: 1- 1/2 +,o /_

[Ref. 16, p. 343]

4. n

- 7 - SEL-65-079
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D. RAYLEIGH/RAYLEIGH

1. Independent

6W N( 2),cT x (2) E Nm(02, 2)

r,• 12 Wllx ,)l r2 112ix(2)ll1

=I(1)1r2 =2

Let Z 2 2

a. n=1, m=1

F(z) = 2 tan 1 (l z ý 0 [Ref. 5, p. 30]

b. n=1, m=2

( 2\/2
F(z) = 1 z 0 [Ref. 5, p. 50]

2 2

c+ z

c. n =1, m = 2k (even); a- 1 2 = 1

( , k J-2-1

F(z') 1 (-~- A (I:) - z2'ý 0!+ z2 j=l J1(4 + 4z2z_0

[Ref. 16, p. 343]

d. n=2, m=2

2
F(z) = c 2 z _ 0 [Ref. 5, p. 31]

S+z

SEL-65-079 - 8 -



• ~22
e. n = m; a, a2 2 1 (Recursive Form)

F (z) = F 2 (Z) h r nP~~i 2 2(l/ z 0
n n-2 VITP(n-2) r n22 1+ n 5-

:. where

1 z [Ref. 14]
2z

f. n even, m even

F~~z) 1 ~(m/2)l (/) 2 n)j z 0

[Ref. 29, p. 112]

g. n odd, m even; 1j =2 =1

12 / 2 m-4)/2 z2 /2)-k-1

F(z) ( 1- 2) (-( 222 1(~ (2
r(m+ n -1 (n-3)/2

2 2  + z2)k• - ZZ 0

(- k 1) r k=O

[Ref. 29, p. 119]

h. n odd, m odd

See Ref. 29, p. 118.

- 9 - SEL-65-079
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i.n, m

See Ref. 29.

2. Dependent

M r =2 II(011, r2 (21

Let2

K ~a. n1

F(z) z z0

where

h= 1 2

2z

b. n =2IF%,z)=h z 0

where

h 1 -

2z

SEL-65-079 - 10-
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c. n = 2k (even) (Recu~sive Form)

h( l-p2)k-1 r(k -
F2 k (z) = F 2 k 2 (z) - 2 - 0

2k (2k-2)(k-2)! (1-p2 +h2)k" (1/2

"where

h- 1 zh= 
z

2z
2

d. n (Recursive Form)

F (Z) =F (W ~2 z 0
' n(Z =n-2(z ýl-t(n.2) r In-P•2) (_p2 +h 2)(n'-1)7l2-

where

2
h - ( [Ref. 14)

E. RICE/RAYLEIGH (INDEPENDENT)

SX(1 E Nn(R,o'2), _X(2) e N J11,o-2)

.r I-- (1) 11 V = !1i(2)li, b = 11_

Let U C
r El

- 11 -SEL-65-079



.- , ;2 2, I. n = , m =al = '72 = i

= •_ , 7u -• O0
1+U J2 =1

[Ref. 29, p. 118]

2. n=1, m=2

F(u) = 2 (,(a,) - )I(o1 u+ •2

where

a b Fi_ 2__ b /C2\/21
2 + 2k + 22

[Ref. 29, p. 119)

3. n =1, m = 2k (even); a• 2 =2

F(u) =2 [Q(cz~p) -( eyp ( o(co)] ~)/ exp (21U)

k 2j-2) u2  2
I F .; j, u •

j=2 \j- 1 + /2(+u2

where

/2__ b ___\/21
= 2 ( 1 +1 u 2 ' 2 = 1 + l u

[Ref. 16, p. 343]

SEL-65-079 - 12 -



4. n=2, m=2

2 22
a 1 iu b

F(u) -2 2 2exp 2-22 uLo
U"2 + O'lU (2 1020-u/

[Ref. 29, p. 110
and Appendix]

5. n-m

See Ref. 29.

2 2
6. n even, m even; -= 02 ="1

F 1~~u = ~M/2 (
Fu _ -- exp

u ) (2(1+u )

(n/2-l (/2) 1 (\m /)II2u2

ll;ý 1 1)
j---O ,=j

[Ref. 29, p. 112]

2 2
7. n odd, n, even; a

F~ u) 2 [~ a~ -
3]2 1 n/2

a2 / 2) e1p (Cb2

• u 2
Ff~u)4)2 Q(au2) pel -2j 2)

2 mj 2)/

m -4 / m -.(. + ) ,m- 2 )

.4- 2t 2 ';

S n + m - 2j --2 m - 2j

1- 
13 -SEL-65-079



(n-3)/2

un- 3  I (I+u 2 ) 2j F (n_- 2i • 1; 2V u ý- o
j --o1 2

where

2 + 1 + u /2

[Ref. 29, p. 119]

8. n, m

See Ref. 29.

F. RICE/RYCE (INDEPENDENT)

Leta=AII (1) 2NA~r), X2,N(2) c N 2)

a~) 1 V1(2 Iag~ (iII 1i()

2 22

4v

n 1 , m = 1; al=2 3

+L2 Va-b q )

2q 2a-22

[Ref. 29, p, 115]

SEL-65-079 - 14-



2. n= 2 m=2

2C2 / 2
"F(q) Q(-ZP) 2 ex p q 0

a/

1.

where

*/ -. ~~b2) /2S= l• 2/ 2 2 - 2-

\•2~a + u1q/

[Ref. 29, p. 110)

For a generalization to dependent vectors see Ref. 35.

2 23. n =m =2k; crI = a 2=1

F(q) Q b1 exp

+ ex exp C(~2 /IOlk-l q) I+ q /12 /ag a-2)

F') k- / i+ql/ 1 l+q 2  \2~q)/~

1/2 2 .2\ k-ij

2(1+ a q__

j=1-k

where

2)1(k5 O)(2) (
I.: A=j 2 q 80 7

C (k-l,k-1; q) =

-C-j(k-l,k-1; 1)j < 0

[Ref. 29, p. 1123
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Note special case:

F(l) = Q ( ax + b22)(a[i

, -exp D, ( I0 ab

j=l

where

k -1 1 -
D (,k-l+j)i (Yj)!

I=j

[Ref. 28, p. 171

4. n=m

SeL Ref. 32.
- 2 2

5. n even, m even; 01 " =1

F~~~~~q) ~~a = QUI ) 2q)/)- ) (a/a2 b2  
b/2)

F(q) =Q \1+ q2 ' + q2 + / 2 q x 2(1+q 2)

iI(n/2)-i
+exp CAIq2 / j• 1, m-1; q)

2'1+(122) 2 2

J=E- (m/2)

SEL-65-079 -16-



where

(n-2) /2 n(.•/ \/ 2 - o/2 2 2

.(j - 2, 1 ; q ) 
2

c.(~-2 2.i q)q 3<0

[Ref. 29, p. 112]

6. n,.

See Ref. 29.
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III. SLM

A. CENTRAL CHI SQUARE (+) CENTRAL CHI SQUARE

1. Independent a 2 2

X(1) c Nn(2,0.2), X(2) E N m(2,o-2)

r, 112 I (1)11, r 2 " (2)l

2 2 a',S0*1

a. n=1, m=1

G(s) -2 -2 2 2 --2 •2_"l1 + 272 __ +_21 __2

b. n=2, m=2

G1s = 1i - e-a•s) (I - e-PS) s-t

210. 021_2 (l'1 -aSl

where

2 2 2 2 2 2 2 21a c2= + a2 a- 2 ar + 02 + I - a2

22 ' 22
4"102 412

SEL-65-079 - 18-



c. n=m=2k

G(s) = 1 ( (-k)-(k+j-l) ___l_ _1

2 2 - 21 1J 2 - 21

k- - k-J-1-

o1 e I - +(o1)+ Ia- - 1 ++ e-ks 0

p= k- I ( - -1=! +
where

2 +2 - 12 21 2 2 ,22~
1 '2 "l12'a 1 + 2 +' l 712

2 2 2.2.2
1'2 1l2

[Ref. 5, p. 134]

d. n =m

e. n=2, m=2k

G(s) 1 2 -S-(1) + -- 221" o o-2 1 j -- o .8 ----o

2 ( a• •) (2c r2) s " s -

1 212/

[Ref. 5, p. 134]
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f. n, m

2. Dependent

_(1) 2nO ), (2% 2n°o)

r21
IT 0a 1 .1°' °11 12

M =; W_ = M-1 =

•I 1 _ 2w12 w 22

r I =l(1), r2 = (2)

2 2
Let s =r 1 + r 2

a. n=1

211 I1/2 Wl - w22 ) 2 + 4w2  2 (W + w1)/

G(s) A [ , 12, (-W i
W11 + w22 W11+ w22

b. n=2

Gs 1!11/ ( e-a e-p s• 0-
2[(w1 1 - w22 1 + 4W 22] 1/2

SEL-65-079 - 20-
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where

1 (w + w2 2 - [(Wll w2 2 )2 + 4 21/2

S= I +w2 " + 4w21/2)

=4w 1 1 + w2 2 + [(wll w2 2 ) 2 +

c. n = 2k (even)

G(S) - Iw-ik k-i (-l)J(k+j-l)! j

2k(k-i)! 7 k j!
3=0

-1 -as kJ1 s -11

,j-- (k-j-,-) e

+_lk-j 1 - e-PS k-- s kJ11Si

k-j0 (k-j4-1-)! Pý+i

where

. 2 + 422 11/2
= [(wll - w2 2 ) 2  4w12 ]

a = tw1 + w2 -

PI.= (wi 1 + w2 2 + 7)

(Ref. 5, p. 134]

d. n
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B. CENTRAL CHI SQUARE (+) NON CENTRAL CHI SQUARE (INDEPENDENT)

S1) E N"(A,'), xx(2) cNM(.2,02)

a v = il, = (i) r = 11i(2) 1

2 2
Let w = v + r

1. n =m

G(w) la 1 (2 ~) [1 (,aŽ )] w 0
j --O ' 2

2. n even, m even

G~~wý _ _ ,a r

G (U) _ j! (r2 ) [1 Q(m+n)12+j (. )
j---o2 2

3. n, m

C. NON CENTRAL CHI-SQUARE (+) NON CENTRAL CHI SQUARE (INDEPENDENT)

X(1) E Nn(A,o2), X(2) e N/(B_-2)

a = IAiI, b = hII•II, vi = lx(i)ll ,' V=2 lxI )l

2 2

Let t= vI + v2
1 2

SEL-65-079 -22-



1.r nn 0cor m+I

G(t) = i- exp -) b I '-

,o.

2 2 2 2

U2 L n+j+i
r2t

2. n even, m even

2 
+m I + 

2 \

G~~~~t)~~ A x 2- 
2 '

U(2 20"1 ja _=O j!. -! " - + () "2

1 - (rn+n)/2+j+l (;a )] 0

3. n,

4.

S- 23 - SEL-65-079



IV. DIFFERENCE

A. CENTRAL CHI SQUARE (-) CENTRAL CHI SQUARE

1. Independent

X(1) Nn(O,2p), x(2) E N 2(Oo)

()llx(W)l' r2 = l1X(2)ll

2 2Let s =r 1  - r 2

a. n=l, m=1

b. n=2, m=2

1 2

"c12 2 (exp 2 2) s<O
1 + c2 2 02

G(s)

2

1- 2 2exp - s O

('1 + 02 
2.1

SEL-65-079 - 24 -



c . n = a= 2k

k- k-i - 2o-0

1-ak exp s -( +-

2! 2)jA- 2;)kj-
0'21

-1 (2( 2)2a k 
2o (ku)

ak(Rf 5,p p. 134]j

d. j!nkjm2 2

2a1.I ýo1+(

-2r2 25 --- SEL-6 07



e. n = 2k, m = 2

(2 2~) exp 2 <0

G(s) = 2 ) " 2cr + 2c -2 -k ,

a + e)

(1) + U2>J

+•e2 2-' 1/2• •

2a~b 2 exp 01+U

2 2

f. n even, m even; a1 =a 2 1
1 2

F1  ex (!)(m-2)/2 rn/2-k-1 (.+ k - <0
Soxi 2 2x k!.. 1) . j! 2

k=O j--O (2 . .

G(s)

I-([Ref. 13]

SEL-65-079 - 26 -
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g. n, m

2. Dependent

r c (,x ) x(2)EJ
22

r -- 2 _ il, r 2 =-- 1i(2 i i

Let s= - r 2

a. n=1

b. n=2

-xp2ý s < 0

21 !1 e i

7exp - S )

S•"where

i'2= + " 4w12 1

a 7 - (W11 - w2 2 ), 7 + (Wll - w22 )

- 27 - SEL-65-079
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c. n = 2k (even)

"k-i k+j-1 k-i) ' j 14 -+

j --o i---o

s <0

G(s) =

k-i k-j-1 / 2 \.J ( 4yPJ+1 k-j-1-1

1 x aep (4- S ) 'ZZ IZ ii -- ! y~7 ~pJ
j=0 •-0

s_•O

where

ak 2k (k-l)! 7k

+w) 22 1I/27 1 [ + w2 2) 2 
- 4W,2j

a 7 - (Wi w2 2 ), y= + (w11 w2 2 )

(Ref. 5, p. 134]

d. n

B. NON CENTRAL CHI SQUARE (-) CENTRAL CHI SQUARE (INDEPENDENT)

2 (~r), 1(2) c 2,2

a = Mx(i)ll, . = lx(2)li

SEL-65-079 - 28 -
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2 2
Let w v r

1. n--, m=1

2. n=2, m 2

d exp w<0

d 1- 2a 2+ 2 (cTi + a2 exp((2) ))1 Q( si)G(w) += a

|! where

2(a

d+ 2 2 4xp 2 2+22

2 1[Re. 23]

j 3. n=m

II

- 29 - SEL-65-079



4. n=2, m= 2k; = a22

1 2w )- k- 2 k-j-1

J--o 1--o

G(w) -

w 0

(Ref. 13]

5. n=2k, m=2

d ( w(<
U;2

( 2 2 "kk

(11 .,• t,-o + (-2 a \ 2a w•.
G(w) = d ~1 2a2cr , 2c2 (Y exp ( 2 V2 1 - lk

2 (2((,2,~ )a (2 )1/) a,0

( c 2  2a1e2+x)ap

where

a2 k ax 2(ur2 + 2u,2)
al2 exp 2 +

SEL-65-079 - 30-



2 2
6. n even, m even; ql 2

I exp 2\- -L n2- a
(2 -a (m/2)-l 

2)/2 -i

(m/22)-k-1i

" "L (.' " ww<o

"G(w) =j--O

w _ 0

[Ref. 131

C. NON CENTRAL CHI SQUARE (-) NON CENTRAL CHI SQUARE
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V. PRODUCT

A. GAUSSIAN WITH ZERO MEAN

1. Independent

_ E) N(O D x(2) N 2(~o)

Let z - x(1)' x(2) = (x(i) x(2))

a. n=i

b. n =2, c a I a2

exp \c/ z < 0
F(z)

1 - -1exp z z_ O

c. n = 2k, c = I a2

exp (z) k-I k-j-1c• (k+171) c 'J4+1+(.z) k-J-1-1
2k-2 ck (k-l) ' 2Jj! (k-j-,-l)!

•j=O il=0 "

F(z)- z < 0

1- exp (_K) k 1 k- -1-k- k c" (k+j- .)! ._ cJ4+ 1 z k-J-. 1.
2 c k-)!j : 2 J! (k-j-i-l) !

z ý 0

(Ref. 5, p. 134]

SEL-65-079 - 32 -



d. n

e. Angle

2. Dependent

X~) N(Oa c2), x(2) c N(O 2\~

b.n 2

f exP (CrCr Wl)z<

_M =, w = _M"- 1

( a 2w 12 w 22

[_1 2 2)
SLet z =2~) , 2

a. n l

b. n 2

exp (Y2(l 2p) z < 0

F(3)3=
1 +-••exp z- 0 )

" 2 a 1a2 (i+ z -

-33 - SEL-65-079



c. n =2k, c = a"1o" 2, d 1jl1W22

k e I (L).J

2 (k-1)!,k 1 (k-j-2-iJT 2d

aQ() 11(_)kiA-11 z<O
F(z)

k-i k-J-1
1ke'Z k• Z 3 Ti• j,! 2

2 k(k-1)!ck . (k-J-1-1>! 20

1 \./ zk 1  
z -0

where

W=d-W1 2 = V/WW22 - w12

=d + w12 = llW22 + w1 2

[Ref. 5, p. 134)

d. n

e. Angle

B. GAUSSIAN WITH ONE NON ZERO MEAN (INDEPENDENT)

X(1) c Nn(A_,Oa2) x(2) 2• 2 a

SEL-65-079 - 34-



Let Z=o(X l) X(2)

1. n1

2. n 2

2 co j j-i _a02

f2 )P z <O( 2 -~
2". / ::0 1= r=O jr 2~i 2)2

F (z)=

2 2) /2\1 1 1 2ji2 2j-2

%ý ( 2a j4 .=: O 0 r=O jr2 (

where

=i J! J! V~ (J-Z-r)

3. n = 2k (even)

J\k / 2 (z o k+j-1 k+j-1-1

(2 2a/W j=o e=o

a2j -Z k+j-2-r-l

2 +2j (a2 )2J-I-r-1

F(z)

1( a2 z k j l j- 1

12 2k exp -2) exp -) I I d jir

a - 2j zk+JeI-r-1



where

Sdj~r- J! (k+j-l)! V! (k+j-Y,-r-1)

[Ref. 5, p. 134]

4. n

C. GAUSSIAN WITH NON ZERO MEANS

D. RAYLEIGH (x) RAYLEIGH

1. Independent

r1 , I()l r2 =~ 1(2) 11

Let z= r1 r 2, c =1'2

a. n=1, m=1

b. n=2, m=2

F(z) =1 - -K z 0 [Ref. 6]

c. n=m=2k

d. n, m
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2. Dependent

E. RAYLEIGH (X) RICE (INDEPENDENT)

-• •(•-• _•, r =,•

a~ ~ ~ 1 Ii, = ii)k r 11i x(2 111
a. IIA.II, = CI)x

Let u = vr

1. n=l, m=1

2. n=2, m=2

F(u) = 1 exp (1.)2 a)2j (•) k u u10
2 )j=o1) 1

3. n, m

F. RICE (X) RICE
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I. FUNDAMENTAL VARIABLES

A. GAUSSIAN

x E N (a, a 2)

f(x) - 2 e=2

=() = exp (ipa - 1 c22)

For a 0

r(k-1)/2] 
2

Exok ! ( J) (k-2j)T k_• 0

B. RAYLEIGH

XENn(On ), r =Ixill, s r2

1. n=1

f(r) 2 exp r _ 0

.2u2

Er k (2u, /2r + k 0

Ss(•) = - )(1 -21g2

- 39 - SEL-65-079



2. n=2

f(r) = a exp - ra2)r0

Er k =s (2 2p.) 1 k

1 - 2i•o 2

.n 2k even)

2(r) = 2 r
2kl exp ( 2 r 0 0

(29 2)k (k-!)! 2

+
Er = (2-) (k-l)! > 0

(1 - 2

4. n

f (r)- (2 2 )n/2r(l) e 2 (- r [fp

., . [Ref. 24. p. 29]

r In + k\
Er k = (2a 2)k,/2. •-\-2k-0

[Ref 24, p. 72]
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I= - 2.2)

C. RICE

2X Nn a_ a 2v t 2

1. n=1

2\ / 2

k (27 2)k12 exp A2 raF 1  aE,><2 : 1,•2k, 1.ph+2- ' . 21 a 2) - ,_

Ev ~ \ u2  ~1/2 22/

O1)1/2 exp ( a 2

2. n=2

v v2 +a 2)\/va\

f(v) = ~exp 2Jo(~ v ý;O/ 2

k 2 2k/2 a2 a 2

'2 1 1F(.2 24

W e 2 exp

- 41 - SEL-65-079



3. a_- -2k (even)

fm" = k- exp va\ vI Iý 0
a 2 k- 2a2/ k-i U2

Ev~ (2a 2)2/2 ep a2 2r(k + k; 2\o

2a02) (k-i)! 1 Fj 2k2+7k;

1 k 2

4. n 2k+i1 (odd)

L2_ + / - (va) I (jllq4
f(v) - *)exp •ex 2(Ji)

+ (-i) exp(~=) 2 .* !(T) v 0

j0o

2 1/2 / a2\ 2___ a
(20)'a exp)2.) ~ Fi(k + i, k +;a

20.2/ 2 2/2

'1*t (~ ) 1- k+(1/2) exp ( ga 2 I 0 )

SEL-65-079 - 42-



5. n

n/2 / 22\ av2)

f(V)=A(Ž) exp 2 V(-2/2 a) V Ž 0
2 a 2 /(n-2)/2 >

[Ref. 24, p. 283

k U)k/ a -k-!. a k_210.
Evk (2 2)k/2( 2) 1(!~ F 2k2 z

2 r(R) l\ 2  ach

[Ref. 24, p. 72]

) )n/2 iia2

D. JOINT DENSITIES

1. Gaussian

a. Let

Yl

Y2y 1

Yn

be a gaussian vector with EY = A and K = ECY - A)'(Y - A).

Then

f(,.= ( (Y -A) ' K '(Y "A_))
I exp - _-_

-43 -SEL-65-079



b. Let

112

]~U =

lin

Then,

4'()=exp (iu U A U'K U)

c. For n =2, A 0,

K=[2 :21
0 k1 + k2 odd

Ey~ ~ ~ ~ 2 (

1k k2  k
EY1  Y2  =1(" k. 2

.j k k l- 2 j
k 1 (2j)! • ..21 k + k 2  even

1 ~1 J_2__k2____1

j= (j . 2k 2j) (2j + 2 k 2 _• kI

SEL-65-079 - 44 -



2. Rayleigh

x (1) e N(cT) x(2) c N_(Oc2)2

12 w 22Jwi

M_= Plj; i_ =_" =

P 1 2 =2 JLw1

Let r = 1 -()11, r 2 (2)

f(r1 ,r) r 1(r1r 2 )n/2 1 2 + wr2))

2) (21w121) (n-2)/2 I _l"/22r() e11+ 22

I(n-2)/2 (r 1 r 2 1w. 21) r1,r2 iý 0

[Ref. 24, p. 34]

Er~1 2 -(k +k )/21lin/2 ( k)r~+ 2
Er 1 2 - (n+k 1 )/2 (n+k 2 )/2

2
(n_+ k n+ kn,k 2 > 0

2' 2w11 w 2 2 2 ;:'22/

[Ref. 24, p. 73]

3. Rice

-X E N U2), X4 2 N SAE60
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2 i2

M W = M-1

1 2 0'2

Let a = IIAII, = ii-x(1ii, V2 = I-(2)ll

fG' 1v 2) v 1 v2 r(M22) 2 (1/2)(n-2)

2 I.In/2 (a2 wj1i 2 w2)

*~~ ( 1 1i (1 22 )(la3 (/)~~vvw

2 j n-3 ) aI/2)n+j(V I v2W 12)

"(1/2)n+j-l (v1aw 1 (1/2)n+j-l (v2aw2)

where

W= Wll w1 2 , -+ w2 2 +w 1 2

[Ref. 24, p. 32]
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II. RATIO

A. GAUSSIAN/GAUSSIAN

•I P"TI°0"

x c NI(a,o-1), y M NI[p ba2), M i]

UlY2 i2

Let z = C 2

1. Independent

a. a=b=O

f(-) =_
+(C2 + z2)

*Z (g) = e'l'-ic

b. a#O, b=O

S'2 a 2 ac 2  3/

2 2/2)

+ or z 2cl 2 2) /
S2 2 a+ iz C1Y 22 + 2 zr2 )

[Ref. 4, p. 6o0
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c. a 0, bo0

f ez) (b 12 e a2 t2 + b° 1 zf+Z 2 22) exp 2\ U2\a2 + 12 2~T 2 3/2-

"itI <,,- +)/e
2 22

2 1 F2 + bcT z

[Ref. 4, p. 60]

2. Dependent

a. a=b=0

f(z) = C(- 21/2

11(c2- 2pcz + z 2)

z(g) = exp ( - b.i(l - P2)1/2 c)

b. a 0, b=0

2 ~1/2 /2
f0G 171c 1 - p )jX apaj 1z - ao0f(z) = - -2-2) exp -2 2(1- (+ 3/2

2pz a 20 p2_ 1 2z ~2)

22al z" e x p 2 2 _ 2 p z + ar 2z 2 )

222
"" erfa, 2

1609 ((l -2 1 2  1
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c. a ýO, b#O

a o(1- p2)1/2 ( b__ (2 2a

f(Z() = (2 1 2 exp K _p+

it- 2 _ 2a rpz + a2 2)2 1-p22aI 2a2(02 " 1%.' 2 1 2(" 2) 1i

1 z

+ 2 2 ( 2
•~2 2r 2) 2a a +<"p><" "°•O + a zV/7 (a 2 2p0r a2 + cr23/ exp2 1

[Ref. 4, p. 60]

B. GAUSS IAN/RAYLEIGH (INDEPENDET)

x c N (o,c ); x e N(o,2,a; r = lxill

Let x =2

r1

f(z.) = C
it(1 + cOz 2 )

2. n=2

f(z) = 2(1 + c 2  )327
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3. n=3

f (Z) = 2c
g(i + cL ) 2&zi2I/

4. n = 2k (even)

cr ( +V- . (I + c2-2)k+(1/2)

5. n

f(z) -- c

,r r (R) (1 + c2z2)(n-+1-)T2 q B(n, .1) (1 + c 2z2)(n+l)/2

[Ref. 24, p. 57]

C. GAUSSIAN/RICE (INDEPENDENT)

x~ x E N(A,)X e N a l2

Let q =c

1. n=1

1i•2 / 2 a _ 2

f(q) = ( 2 2 exp t 1 1 a a q1

71 a 2 1+ 2 )22 q
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2. n=2

U 2a2 a2 + 2c22q2

f(q) 1 2 a 2 -2
132 exp 2 1

a c2q) 4c-2  \a2+ ° 2 ,

* + 2 a 2 1 2°q1 2

2 2 2 2•a•a a- 1  a 4 1•a+1
2a 2c2 (a 2 + a 2q2 ) I1(4.2 (a2 + a 2J))

3. n = 2k (even)

f(q) = •
/ 2 k+(1/2)

1-Bk 2~) + -2 z2

a2 a a 22
a 1-•expFl + k

e • 2 1 2) + 2 2(a 2 + cr2q2)

-2 251 1 o'26
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4. n

f (q) 0'

1 1)/-+ i 2 (n+1)/2
a I Bq ,) '2.2

1 2 n, + 2 q

a2n a i1
2 e2) 2 2' 2 (a2 + 2q)

[Ref. 24, p. 56)

D. RAYLEIGH/RAYLEIGH

1. Independent

X(1) E Nn(O, C2), Xý(2) F- N .(a, c2)

•• = !!-x •}i! •2 II-(2)l
r2 r 2 12 1

Let z 2 2

a. n=rm=

f(z) = 2c z ;- 0
A(2+ z2)

,Z(•) =

SEL-65-079 - 52-



b. n=1, m=2

2f~)= ZC~
f (-) (C 2 + z 2)3/2 0 •

c. n =, m = 2k

2z2k-1 2k•"f(•) = 22)kC (i
•.B(•,,< k) c-+ i2)k+(z/o

22d. n =m=2

f(z) - 2zc2 0
(c2 + z )2

Ez 71 [Ref. 24, p. 73]

2c

e. n --m

2z -Cnz~
f(z) 2 z 2n

B(I, !!) (c + zn)

L E2)]

f. n even, m even

nm-i m
f~z) 2z cz -0

•Bn , (2 + z2)( -+nT)2

[Ref. 24, p. 52]
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g. n odd, m even

Same as f.

h. n odd, m odd

Same as f.

i. n, m

Same as f.

2. Dependent

( , 2_)=, X(2 N•- 2)

elJ2 2 J w12 2
2 ](2 ]

Lr 2

a. n=1

O'l 2iWL/2(1 +r2w1 1M (- = M- =•
fa) 2 w z 12 Z 22

t + 2-4w
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b. n =2

f Z 21!1 ( w11 + w2 )-

22

[.Ez =(2j3/7 IF2, W11 w22)
c. n 2k

f(z) 2 BIk~k + w 2 )2k- w1 + 4w22 z 2 k(12 z 0O

/) 22
E k (~2)B(k/)[k' )] + k -4w Z-~ ~ ~2

Wi 22 21\ 22

d. n

f(z) 2 w1 ~/ n 1( + 2 2 
2) z 2-!O

(n~)I )nk'/ [(W \1 2 )\2 2 .2 W(n l, 2 /

11in 22 11+ 22/4J1
(Ref. 24, p. 733
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E. RICE/RAYLEIGH (INDEPENDENT)

2)1) e(2)2 m E ,2

b : r W v =xc =(2) -

Let u =
r

1. n=1, m=l

2/1,2 2 u b \1

f(U) 12 exp b F 1 1 u 0I[+F2 22 r 2)2 /1\ 2' 22(U2 2 2
+aIu22 22~

2. n_=1, m=2

2
f~)u'" / exp 2 {((1+ 20•O)Io0(C43) + 2COBI (c•B] o u _o(0 2 1 2

where

E --2a I a 2/ 2 1/2 2-
2 c i 1 2 2 2 -F U l. a u 2 ) 2
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3. n = 1, m = 2k (even)

2u 2k- If2k 1 1 u b 2 .

(,k) a u ) 2%2 +2 '.1u

u_•O

4. n=2, m=2

2uct 2 / 2 2 2 2 2
f(u) 1= 2 exp 2' ) 1+122 u Z: 0

( 2 + 1'2 
2u 2 ) 2 x ( 2 ( a ~ b2) ++ 2 cy22 ( u 2' + a r u2 } Iua

5. n =m

n-inn 2' 2\' 2222u ao 1 '2 b 2 1( n u 1 b 7 1f(u) = 2u:Ci2 2 exp _21F n 2 2 +a'-- 2 u ) o

2( 22 + a21 n 2)0U2 2 1

6. n even, m even

2um-1 m n

f(u) '1'2 mnT
B(!!, 2( + 2 2 2(2 +n)/

2 2 222

b u'r+n m0" 1exp F '2_ 1F2t-2- 2 u >0
2a" 2a2(t2 + a"u j/

[Ref. 24, p. 52)
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7. n odd, m even

Same as 6.

8. _ m

Same as 6.

F. RICE/RICE (INDEPENDENT)

X(1 c Nn(A,u l2), X (2) c Nm(B,(q2)

a=IIAII, b IIBII, = IIx( )II V2 = (2)

Let q = 2
V1

1. n=1, m=1

f(q) 2"1"2exp 1 a2 +b2 0 0kj1

+2 11 ' k=J J=O k+2

22 2k 2 2U
a a q 2 b 1  1 q - 0

(21) ( 2 ) (12 2 + y2q2)k+j

(or Differentiate Distribution)

I
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2. n=2, m=2

2qa2 22 2f(q) = exp ag +b

2~q 072 2 U 2q2)/
(12 + c1q 2 1

a( 2 a4 +2q2 b / 2 qaa 4

a0"2 +q b qab + gab
"2 21 2 2 2) 0 2 + 2 2 2

2Ir21 a 2 + Iq V 2 + a1q 0°2 + 22q

°1Il2 qa22l -j

2+ 0q

3. n=m=2k

k ab qk1(aI
f(q) = (-l) 2-- (a exp 2 + 21 a 2 1 a2/

dhk 1 (22q)Ik" ( 2ha2

12
evaluated at h = + 1 [Ref. 24, p. 52]
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4. n=rm

2qn-i 02 n 1 2 2 0 0+
f(q) = -- -- ea b n+k+j-n)!

o Wqn2bu2 1 ~ 1

(.2+ 'l2 2n) a a0"2// k! r I (R + k) r"(R + j

5. n even, m even

rnimn
2 a m - 1 m1 n22i22f(q) = 1 ( 2"'

7+;2 () 2 2 k 2 7 2 2j

ak=O 2 + 0-)2 (•2) ( )
2 1

00200 )2 2 2o

( 2 + 1'q 2)

[Ref. 24, p. 51]

(or Differentiate Distribution)

6. n, m

Same as 5.

G. JOINT DENSITY

( N(OO'a) X(2) c Nn(0_0 2 )
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M_,] =W " = 1

Also

r 3 2rr

Let Z 3 and z2 =

Here r1  and r 3  are independent

r2 and r 4  are independent

r and r 2  are related by M

r 3  and r 4  are related by M

4 IIzn(zz2) n-1 00f-m•Ftz I] I~ ! (n+k+j-1 2

w 2(z z )2* Zl~ z z 0

(Ref. 24, p. 54]
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III. SUM

A. CENTRAL CHI SQUARE (+) CENTRAL CHI SQUARE

1. Independent 2 2

r1)= II(()l 2 = )

rr 2 112i 1

Let s 2 2 + r22 U2
1 21

a. n=m=1

g(s) = I exp (°'1 + cr2s 1 1 cr 2"s ý s0
1aT 2 1- 21 20 4 -

k'2 a2 I

Es k 1 +C2 k+l 2 F 2 -k + 1, 1; " 2 ' k 0
(2~ 2) k+1 2F1 ~2 2 2a r/(cr + '2 ( 1+ a2

1' - 2iga ) - 1ra ) 1/21 /2

b. n=m=2

1s /I (U2 _U 22

2gi _ 21 42p 2 L- -0_2
"21 1 \24 ' 4 1iy 2 4a 1'2
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22k+2 ( l!0-2k+2 a2k+2 
/2_c

E k 2 (k+k) 1 21 F !2 k+ 3 3 1 k 0

E k2 2 2F 2 kaO•:•°Y + ao"2

s (I 1 - 2ii Lr2• ) (1 - 2i Lp 2)

c. n=m=2k

g(x,, - 2 + 2-)s ,•.s 1.,,)

(ks1 -1)' (- I--j ) + (-i exp /

/-I 2 cr 2 r 
2

(k+2 - 1) 2 1° '2 kk1 2
" j! (k+j-l) ! 2 2c/1 + __ 0

j=O (0" 1 - a'2 s a

Esk = 2 2
(2k-i)! ( 1+ 2)0

2 'k 2 (2+ - ) 2,+ 2i1 2k- 2-

2\2
2F1 + k + k + (002

2 + a2 /0

s - 216tcr3) (1 -
S
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d. n =m

(n-1)/2 
2 + 2VI s 1 a2

g(S) 22In 21 exp (..O( 2 j)

(Io U2-~
"(n-l)/2 1 •2 2 ) s _0

2n+2k (n4k-' a•n+2k u2+2k

Esk =

F k n+knl

1 +2)
*FI -- 2\jl+--/ k _O

[Ref. 24, p. 74]

n/2

s iILo)1 - 2i~a2)12,a))

e. n=2, m=2k

2k-2
g(s) U .2 kexp (2l

2 2 l 2i

2 1 2 1 _

SEL-65-079 64 -
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s( 2i 22i /

f. n, m

g(s) = (n +m)/2 n ' 2' 21 s

2~) exp ( F~ n+ni (2~ 1) s 0

[Ref. 24, p. 61]

/ n/2 1 m/2

*SW = -- ( 1 - 2ipa )

1)ig 2)~f

2. Dependent

X(_ ) E Nn(O,cY2), X(2) E Nn(O,ca'22n( 1 2)i
1= [ :_ = 1_ : 11

pa% a r2 w 1w2 w 22

r = i Ix )ll, r2 = (2)

2 2
Let s =r 1 + r 2
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a. n=I

g(s) ( 2 1 1 i/ 2  10 S 1/2 w2 2) + 4w 12] s - 0

2k+l (W w ) + 4w2

Esk = /2 v2-F +1,1; .. 12) 0
IMI1/2 (w1 + w22)k+l 2 1 (W +w 11 ) 2 + 2 2

GO = ~ 
1/2

s 0 2- 2i~ijj aI 2o 2ig±IMI) P2-2 222

b. n=2

g(S) =1 2 2e-as -e-Ps s 0
21s [(w 11 " w2 2 ) + 4w 2 e

a Wl w2 )2  + 4w22 ] )

=41 r+2w22

14= 11 + w22 + wll + w2 2) + 4w

_Es k k+3 3 (W 11" w2 2 ) + 4w12ESk = 22k+ (k-tl))k _FIi,_-_-,__... .. ___-_

IMi(w'1  + w22 )k+2 2 F1(h2 21 2 (w1 1 + w2 2 ) •0

s a' 2 _ 2i(_-iM_) (cr - 2iP20I) -- 2
=E2 )501 1 26
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c. n= k

k-1 i--
' (k-l)' 7 k j (k j-1) !

c kI j (k- j- 1)! s

+ (-I)k e- •L (k+j.-), ( 2) s 0

j--o

[ -w ) 2 +4w2 /2

L : 11 22 12J

a• : " [W 11 w22 Y

[w- + w2 2 + 7]
1 ii 22

Es2 = 2k+2i (2k+4-1)

,lk (2k-i)! (w11 + w2

22

" 2 Fik+ + 1 k +"2; (Wll + w22)2 ; /4w1 2 )

= - 2iFL - -2 2l2/
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d. n

gs ()1/2 (n-l)/2 exp (-(W 11 + W22 )s)

(2 In/2 r w) 2 ,4w 2l n1
(2M1 /PN)[('ll - w22 12

'(n-l)/2 (is [(wll - W22) 2 w j

[Ref. 24, p. 58]

Es 2 = (n+k-1)!
Es n/2 (n-i)! (w1  + 'V)fl+k

4w 2

2 2 2 2' (w 11+w 2)2,.a k n+k+1 n-i- 11l - 2 ) 12)

[Ref. 24, p. 74]

B .C E NOA \ c 2 - 2 i I.L IM I) (U 2 2 1 g 4IM I) - p 2 F2 2 )n /

B. CNTRA c~iSQUARE (+) NON CENTRAL CHI SQUARE (INDEPENDENT)

= _ v II. r=

2 2
Let w v + r
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" \o2/ n- 1)/2 2
9 W 2 exp w_ a
1. n~1

2

S2LW 2 1 w wj =0 2:pn ao.2, InI' \ I

W~~~ n/2 x a2

~ 'x ('1 - 2ig±cYr)2 - 2iI±r) 1 2 )ga

2. n even, m even

\I (m+n-2)/4 ) w+

g(w) w-2 -' exp

2cr1 \2/ \o a 2) 2ar 2
1 1'

• • I[tn)/2]+j.1 (--a
.j! r(l) \aT 2 'Lmtn/ 1+i1

(Ref. 24, p. 60)

m/2 n/2

-iwGLr) (- 2 exp 1 2)-il. 2ipa 1) (1 -%a galI

3. n, m

Same as 2.
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C. NON CENTRAL CHI SQUARE () NON CENTRAL CHI SQUARE (IDIEENDENT)

~ i)~ (2c), ~(2) 2(~a)

a b = =IBII, W I=" lx() 2 i (II 2)

Let t v 2+v2
1 2

ne = m 1+v

1. n=m

1 (n-l)/2 (•~ f /0 1" n a2~ b

"g--O t _ exp t exp 7

2)n+j+.1i ( a) t -_2
2c I(a(2 1) ( i.2

00 i00 r)(12 + 2i Y) +x (U . 2 2) - 2
bi4 1 2 2iC711I /

EL-65-079 - 70 -
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2. n even, m even

(n+m-2)/4 °lm 2" 2 • b!

"" g(t) 2 2t) tp a2 2- \0 ' 2 2 21)

Ar(2+ j) (au 12)

J#o i)),

S([(n+m)/2]+j+_ ta) t o0

[Ref. 24, p. 59]

1 n/2 m/2 i1a2i

1-exp exp 2
\i()= 2i2 2 2i) 1 1 2

3. n,

Same as 2.

? - ?- SEL-65-079
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IV. DIFFERENCE

A. CENTRAL CHI SQUARE (-) CENTRAL CHI SQUARE

1. Independent

6~l cN2a29 X(2) c N 2,O)

n~~ 2 (2P7

S=• = !lx~W ill, = =Ix(2)l

Let s -r r2 r2
1 2

a. n=m=1

g(Os) 2- 2ly 2) -

12 /,) K°
g(s) = 22 2K 2

1/2

0-0, 1

- 2i--cr7 2 -( + 24a2)2

b. n =m=2

2 12

'(a2 _ 2) + 2i +)(2)
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c. n = m=2k

I k-i 2 a 2) ,I .,(U 2 2/))

g(s) = exp 2 1 21 U2

k-i2 2(k/l)! + 2421l2
k- +2 _2

(2o 2

s I 2- 2 "i Lt 2) ( 1 + 2 i g. u Y 2)

d. n=m

(n-1)/2 2 2)

jn-U2 2 ( (2( =') cr2)) exp 4,2 -r .

K(n-i•)/2 ( u 2;2

n "/2

*s(() I 2ipt2)(1 + 2iua 2
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e. n = 2k, m= 2

(-S)k(/2exp (22 k

k+ (1/2) .2k-1 2 (0 2U 2 /22 ( )s
-1 +2~ [(k-1)'] J=O

S((2 +a2))

g(s) =

2k-i
0i 02 exp 20r /

(2s)1/2 
(a 2 + <

/1 
1 k

=<• :\1- 2i14a2 + )
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f. n even, m even

22 2

Sg(s) =

4o•_ -_u 2s

S(re+n-4)/4 exp 4 (o1(;22 -/

1

(n-m)/4,(n+m-2)/4 2-2a /

'• [Ref. 24, p. 65]

g. n, m

Same as f.
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2. Dependent

I c N(2) c N( 2 w1)

S= ] w =- = C:a,1pa2 0"2 w w11 w122

pa= r2 = II122

Let sr) 2 r 2 2 11/2

7 = [(Wll +w 2 2  -4w 12

a. n=1

g(s) = exp ( S) K22)s)

= - ml2i.i) 0~ -4 1/

a 1g11)(cr2+ 2ig.JI 2y,2

b. n=2

r2 exp()
s<O

g(s) 
=

2 exp(Ps)
1 4
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(cr 2 2iP.IMI)(o1 + 2i.lImI) 1 22

c. n =2k

is k-1 exp ( (w 11 4 W 2 ,)s)
g(s) = (k-i)! 2 k iMik 7k

i isj k-1

exp ~ ~j=o j! k - 1)

+ 2iiII 22cr2)a

(('12) 2igIJMI ) (a~ 1~4 + kiL) 12

d. n

g(s) = In)2exp 4w~W2S K /7IsI\

~v~(L) - 2J~M) L~ -(Ref. 24, p. 61)

2 1 + 2i~lImI) 222)
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B. NON CENTRAL CHI SQUARE (-) CENTRAL CHI SQUARE (INDEPENDENT)

_ (A,cY2), X(2) E N (Ol,u 2 )

a v i , I(2)

:i• 2 2
Let w =v - r

1. n=l, m=1

2 2)

I(- al \ r(wc_exp a e ep 22 J/22'\ 1 4a 1 '2  / /1 ( 2 \12

a + a2)] j=o u \I (a.+ a)/

( /2 2)w
W-t rl + U2 <w0

W.k/2,k/ 2  a 2 . wa< o

g(w) =

exp a.2. xp--41.2 2 2 1 00 w4 2 J/2

2 (1 1)2 ( r (j + 1) .(a2 a)

12w (rr I+o u]12 Z= 1 2_____

•a Wk2 2 .(+ °,2)
1 w w 0

1/2
40_22

( l= - 2i1 ul)(l + 2i.•)) exp 2 22
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2. n=2, m=2

c exp (2) wO 0
2 072 (2 a0"

g(w) =

aeP )(22 r 2.)) (w(U2 +u ))12) w--2exp --2 Q " "-- 2 ) w>O0

[Ref. 23]

where

a2  2 _U22 + 2

C = a 2 2 exp a ( 2o ))ffl + a 2 4aI 2(0l + 2)
0*1 + 2 e x p

1 / i~a
= I - 2i[1)(l + 2iI)e2
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3. n = m

2 )/2 2 2 /2 ,W

g(w) =
w ) exp 2 2 Iexp 4 2 a2 0W

2 n/2 (. + 2)n/2 jr +j!

-I / 4 a'2 \J/2 / 2 2\
I .I • 2 \ w- ( a° l w <) 0

L 6 2 2)/ j/2,(n+j-2)/2 ( 2--)w)

S~n/21 e1p ( 1a2

tw~ t =|1' _2 / 2,'p e 00 2

8- 2i2I,1) (- + 2i,<,T.)/2 2i 2 L1/
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4. n=2, m=2k

(k-)/ 1 2 / (u(72 ~ w
exp 2j 00p 2(-W) 2a 12/ep 0

I k+l)/2J!( l!

2 (k+l)/20.2 a2k 
+ o

4 2 J/22

g(w)=

(k-1)/2 2 A"2x _( __ _

1)p 2 x (cr 2 a ))
122

(1 
~(k+l)/2J!J

2(k+l)/.2 22k (_ +J=O

4 2_____ J/22 2

k

-W11 + exp ( g 2 2
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5. n=2k. m=2

dw w2- exp W ;9 O
2o2

g(w) -

22 1/2 ,(2 )1/

d~~ ~ ~ -W 0 2a12,2 Qk 222

2 ( ) 2( + exp2) 2

where

2 ~ ~ '7 '2 CU2

•2 +

jEL6(-79 82p (- c

SE-V-7 - 8 2 )-



6. n even, m even

(-)(n+m-4)/4 ax exp 4""2 2 / c
exp a 2 exp -a Wo)

(m+n)/4 j 1

2(m+n)/4/ a -n(I+)/4 n k2 2

w-( a
4

c- /2 e(p exp2-- 2wgO
4n-o/2 2/

(l) +(1 a2 e

"a" 6(a2' 2-- W( n- +2k)/4,(n+m n+2 k 2 4 20 -"2"2" ' _
1 1 '2k 2)/41(Y2 W)

2Rf 24L. 
4

(mi,/ n, 1 m:

Same as 6.
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C. NON CENTRAL CHIi SQUARE ()NON CENTRAL CHI SQUARE

ail b IN (2))

Let t =v 2  v2
1 2

2 2 /2

(-0(Mn-4)/4 exp 1 )] 2exp (a2a a1) ý

2 (mn /4 (ncrm J) lz

1) (8a 6 -2 j ,6 42 2/)

2~ a2
[((-n)/41+[(ZJ2)/23,t(nmn-2)/41+[((J.2)/2] (c22cr t < 0

2 12a/

[Rf 24 p. 632)
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-n/2 m/2 exp 2 =XP i2

2 i 2i2 1a 2 + 2 2ipT2  1+ 2,4
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V. PRODUCT

A. GAUSSIAN WITH ZERO MEANS

1. Independent

n

Let z (2j(1), (2)~ 1 (1) (2)
xi xk k c'102

k=l

a. n=

f(z) = /z\[Ref. 24, pj. 451

b. n 2

f(z) T - e p (

c. n =2k

2 c (k-i)! JO(1z~
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* (g + 2L

d. n

fr(Z) z Iz (n-l)/2 K

[Ref. 24, p. 42]

n/2

e. Angle z = (X(), x(2)) = (.x(")IKIi((2)11 Co
Phi (€) is the angle between X(1) and X(2)

AW(-) (sin .)n-2
- 0< 0< 2n

[Ref. 24, p. 47]

2. Dependent

-X() e Nn(O2,2), 2,(2) N (O,2)

aI P 1 a2" 11 w1

!. n
"-° (1), X(- )) _1 (1 (2)• •

k=l
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a. n=

f(z) =I!'exp (-w12z) K0 Ii~3 2

LRef. 24, p. 45)

= -21p~pc + 4 c 2 (17.p))

b. n=2

f~)=exp (-W 12 ) (zfjj)

=1 - 2itpce + ji2o-p2)

c. n =2k

l k Iexp (-w 12 z) exp (-JzIV I 'w, 22 k-i kj-)
f(z) k kkIj k--)

(ki) 2 2(,_2

21gpc + 22 )
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d. n

Jzl(n'1)/2 exp (-w 12 )
f(z) = 1(!) 2(n-1)/2 iM11/2 K•n-1)/2 (lzl11l;22)

"[Ref. 24, p. 42]

• - 2i~ipc + i2c2(1-2))

e. Angle z = (X(1) X(2)) = (1)I (2)1 o

e.~ Anl 1i 11I os

Phi (,t) is the angle between X(I) and X(2)

(n-1) r(n) (sin )n-2

-D 2/11 22 + 12

2 + 1 n + i;
w 12 Cos 0 + wJ1I12/

[Ref. 24, p. 45]

B. GAUSSIAN WITH ONE NON ZERO MEAN (INDEPENDENT)

X(1) E Nn(A,2), X(2) e Nn (_,uc ), a = •_AI

n

Ze (W(, x (2)) - x(i) '(2)

k=l
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1.n1

f (Z) 1 exp a 2__0___1 (a 2 1zi K. (H)
-9 2a2) J! r(j + 4) \4 2

__2__ 2 acr2

W~)= ep(i exp ( ýi _)_
z 1+ aýL2 /22(l+ C4 j= 2=

2. / 22

f Z ep a2  exp j-I 42

3. 2 2a 2)ak

fjz -- 2 2 e

22(kj+l-)! a 2 \j lI

2! (kJ-! 2! P (kj-Z-)! U 4cr2) /

fE-W-7 = 90p -

z + a4 ýL2 2( + a4 g



=~g (1 -42) exp(21+.L)

4. n

[(n-1)/2]0j

f(z) z j2()f1/ exp ~ J

/ a 21z / [(n-/2)/j zla2izj.2 K( (n-l)/2]+j (L1)c

[Ref. 32]

*g)24 exp 07 a

z = + 2 ( 2(1 + g 2a4))

C. GAUSSIAN WITH NON ZERO MEANS

1. Independent

x() E N n(A_, 2 ) x(2)• eNn(_Bu, 2)

a = IAil, b = I1_1

n

Let z = (1)-, x(2)) = x() (2)

k=O
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a 2  1 I(A+B), (A+bB)) a 2 +b 2  1b

k=l

an

F z n2/e (-a 2 +b2 b ! 2(~ n

( 1 --Iz -/2<-2

f•)= 0 / 206 ( w -j.)/2,(n+2j+-.)/2" \ -) z_ o

4 2 2 k

z (n-2)"/2 •( a b 2)

az /2 a_ j2 rz (1 +

ý2~ 2 2 )2 a2

z = 1 exp 42 r
+ /2 4/ 1/

2. Dependent

X e N_ n(A_,a), X(2)• in(_Br 2 )
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2 -1

nn

cz2 = . ((A-B), (A-B)) a 2+ b 2+

k=1

(-Z) -p2)2 (-22 ~~ 22) exp (-W12 Z) I

2n/2 n 12 0 it !2! +2

/4 Js/2 ~ 1/2

2(1+p) 
3a / 2 (1P) 3c6,

f z (n-2)/2 ( 2v2yw -i;2 2  00 c
ex -2 0/ 1 2 exp (-W12 Z) +

5-o =0 2o 2! (~j

:W (2~a)2~;z;)iw z~ 0

rRef. 24, p. 631
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n

n/2 (a2 + b 9 (igi + ro2 I) .arb rK 7 /
7 = 1- 2ijpO 2 p + 4 20'4 (l-p2)

D. RAYLEIGH (x) RAYLEIGH

1. Independent

X~l EN(,2 X(2) c N(J2, 2)

r= IIx1)?W , r 2 -- 2x(2)=

Let z = rr 2 , C a Il2

a. n =m=

r2(k+1)

k 1 k \2Ez = (2c) k - 0

b. n=m=2

f:(z) -- Ko(• z 0o
c

Ez k -- )k r 2(-h + ) k••o
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c. n=m=2k

f(z) = •() 1l 2 K0z-

z 2c ((k-i)!]
2  C

2r 2(k +)
Ez = (2c) 2 2 o

[(k-i)!] 2

[Ref. 24, p. 73]

d. n, m

f(Z) 1 L (m)fln)/2 I()()K I 2 ~2() 2~i
[Ref. 24, p. 49]

2. Dependent

M = 
P0 2 

= M"1 =
LPI12 •2 J 1 2

•' :I!-(i)ll, r2 = I~(2)l

Let z =rr 2
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I W1n/2 n/2f (Z) = (2.1w 1(n-2)/2 r(N) I (n/2) -1 (-I•12)1 Ko (zv'-•w22 z ý; 0

[Ref. 24, p. 471

2 k Iwtn/2 r2( n) n+k w_2
k ( 2/ n+k n 12_

Ez -(W 1 lW2 2 )(n+k)/2 r 2 (2) 2 F1 (_ 2' 2 ' 2' w11w22

[Ref. 24, p. 73]

E. RAYLEIGH (x) RICE (INDEPENDENT)

=IIAII, v=WIIx(1). r =IIx(2)Il

Let u =vr

1. n, m=1

f~) 2 a 2 )102 Kj u
- "12 exp _ j! r'( + 1) ( () ' (7)

2. n=2, m=2

f(u) 2 exp a 1 a (272 K u _9 0
"L"'0 -222 96c/ a
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3. ,

/ 2

1 2 n)/ exp a .2)c 10 (\23u1

F. RICE (X) RICE

x(1)2) r() j! r(B 2

a• = IAIl, b = IIBII, " = I-(" l'"= I-(2)i

Let q = VlV

2 2j=o (2

I \(n .m)/2 (,1 u

[Ref. 24, p. 48]
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_____I (1 F12 2 ;Eo*p (2010 2) e(f~jR + b+

la/_ nra(\ ) r 2

F a. 2_ F + b 2 p>
F]. 2• ' 20.I 2)2

(Ref. 24]

G. JOINT DENSITY

2iW GN (O 02), x2 N.(O,cT2)

a,1 Pa 162 11 w1

M= K, _ =_1 =

°"1°'a2 a2 L L12 2

Also

Sx(3) e N(, x(4) c, M

I ~r1 (2)1, lx(3) ,(41,

rI= i II, r2 II 1( , r3 = 11i r4 = X III

Let z = r r 3 , z2 =r 2 r4

Here rI and r3 are independent

r2 and r4 are independent

- and r 2  are related by M

r3 and r 4  are related by M
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Ir !In (z1z2) 
co

fz,2) = 2n-4r 2(!j) 1. L1  I l I i2- r J- .0=o j,! r(R + j)i)r(!!+ )

,_ •2 2 2~x

(z z2wl2)+
4... . KJ.• Zw)11 K J-, (z 2 w2 2 ) ZlZ2 > 0

[Ref. 24, p. 49]
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VI. GENERAL QUADPATIC FORMS (Ref. 31]

Let

Y2y 1

Ynj

be a Gaussian vector with

EY = A and K=E(Y-A)'(Y-A)

A. Q = Y'W Y

Let Q = Y'W Y be the quadratic form where W is an n X n matrix.

Let

n

"(k)

be the eignevalues of W K.

1. EY_= 0 (zero mean)

1/2

*Q(g) = - 214 _ _1/2=

1l( - 21gAk)
(k=1

n

k=l
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Var Q 2

k=l

2. EY=A

1QtG*) : I_- 21gi w _j-1/2 exp A,- [_i- (I- 2ip. w K) 1 1A)

B. Q = Y'W Y + B'Y

Let Q = Y'W Y - BIY; B n =n I column vector. W is an n X n

matrix.

1. EY = 0 (zero mean)

= II - 2i1g W K1/2 exp ~-B'K (I-21gL )1

2. EY-A

() _- 2g w KI'/2 exp (i i(AV A + B'A))

eX P (2W A + B)' K(I - 2± WK)"(2W A+B
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APPENDIX A. MISCELLANEOUS FORMS

1. A Zero Mean Complex Quadratic Form [Ref. 21

X and Y are complex zero mean Gaussian vectors. Hence EX =

EY = 0. Components of the same vector are independent as usual.

Given: Exx•*X1*=Ex 2 = m k 1, ... , n

kk k xx

EYkY E lYk 2 = M k 1, ... , nk k=kmyy

ElYk = m, Ex m* k = 1 ... , n

Let M = mXy]

-xy yy_

a,b be real and c complex.

Define

k= ax + blYk + cxiKYk + cXkYk k = 1, ... , n

a c xx Pxy

P =MI

I1o pyyj
- Lcxy

n

q q
1k

i • k=l
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12 1/2

a P= + Iy X + xx yy

rr 2 ,1/2

Px-- 1 p xx + py
21EI J- IEIJ 21EI

a. n=

Ct+ q<O0

g(q)

I2 e-aq q -0

a- e P

G(q)=

b. n

n-(1k1~~~k1

k=-O (a~p)n+k ( k /nk-,

g(q)=

I n-1 /Cp~n+k-1\( )--

k=O(a)
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"n-i n-k-I

Z > (C-+.q)n+k k (n-k-j-i)! ' q < 0

G(q)=

n-1 n-k-i nnkl n-k-i n-k-j-1

. ,. k : -O = (("+p)n+k (n-k-j-l)! Oj+1 _

2. Rayleigh (+) Rayleigh (Independent) [Ref. 30]

SX(I) E N 2(0_,1); _X(2) E N 2(2_,1)

r•i=Ix(1)11, r2 (2)II

Let z r1 + r 2

f(z) = exp z erf + E exp z 0

3. Gaussian (X) Rayleigh (Independent) [Ref. 30]

X €N1 ,o 2, X E N 2 ),Y

r =

Let z = xr

f ( z ) - 2 ( - e x p ( - 2
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4. Gaussian (x) Rayleigh (+) Gaussian (Independent)

x E N I(0,I), X E N2(Ol), y E NI (o,U )

1 = 2-x'

Let w =xr + y

12)
exp (w + er

2 22 0}
f(w) - 2 - . Lv/2 IT 2 a, 2 2

(Ref. 30]

5. Gaussian (+) Rayleigh (Independent)

xc N1(0,0_2), X c N2(0,22')

r 1 lxII

Let z =x + r

( 2 
z 2(,2

U exp - z21 exp

(-2(0:c) [1 + er () z 2(T+ )
f(z) 2 1 +3l

2+ 2y(cF2 + Cr2(C2+)

rRef. 30]

6. Gaussian (+) Double Rayleigh (Independent)

x e N1 (0,0 2), c F 2(g,1)
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r with probability 1

r = flxjI and r*w

I 1
-r with probability 1

Let w= x + r*a exp 1 )1jepv
(w)2, 2 2(1l + a)

2w =)3/2 ere

' +U2) + era221
2 (i + a-) 2(+J2(1 + 2

[Ref. 30]

7. General Products (Indpendent)

a. Xk c N1 (O,1), Y k E N1 (O,I), k = 1, n; all independent.

n x kk

Let z =f17

k=1 knnxi 1) n=l

f(z) = 2
it(1 + z )

2) n=2

f(z) 2 2 In (z2)
it ( - 1)

Ii."

3) n=3

f(z) = 1 2[In z2]2 +
2! a (z + 1)
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4) n.=4

f(z) 4 1 2 ((n z(23 + 4(in z2]

3! g (z -)

5) n= 5

f(z) = 5 {[ 2z]4 + 1Olin z21 + 9)4! ly5(Z2 , I)

6) n

f(z) 1 n- (Fn z)n-lk dk [s csc s]

n n il- (. )nz-%1] -1-k)! k. k
s=O

[Ref. 341

b. Other Products and Discussion of the Mellin Transformation

See Ref. 34.

8. Instantaneous Frequency of Narrow Band Gaussian Noise

See Ref. 35.

SEL-65-079 - 108 -



APPENDIX B. TRANSCENDENTAL FUNCTIONS

1. Definitions and Special Forms of Transcendental Functions

a. Error Function

erf ,x) 2 fx e-t2 dt; x

S,/7

erf c [1 - en (x)] r 00 J 2 dt; x 0erfc (x2v Jx

b. Modified Bessel Functions

First Kind

cX+2k

Ia W = k!(2x~) x~ 0

k=O

00 ,,n+2k

InX) = 2n+k)! n integer

k=O

I- W1 (x = 1/2 (ex + e-x)
1/2 12 -x)

I n+(i/2)(x) 1 e ___ (n-)k (n+k) + (+ )n+l

n
_x I(n+k) k

k k! (n-k)! (2x)
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Second Kind

k( (x) = exp (-x cosh t) cosh at dt x -; 0
0

1/2 n

kkw/I) (n- )! 2n integer
k=O k! (n-k)! (2x=)k x 0

c. Marcum Q Functions

fCO -t()2~ + a2 ) I (at dt a ý 0

Qm(•')= = exp / Im ( q2

k=O

Qm(a,O) = 1

d. Bivariate Normal Function

v(a,P) = - a e-t2/2 dt f(P/a)t 0 x2/2 dx a 9 02v 0 0P

e. Elliptically Normal Probability Function

A(a,1() = e dt a g; o

A(O,P) = 1 - e"P
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A(cZ,oo) = 1 ; A(1,13)-- te'1(I0 (13) +I(1)

f. Gamma and Beta Functions

Gamma Functions

r(a) = f ettl dt

r(n) = (n-i)! = (n-1)(n-2)(n-3) ... (3)(2)(1) n integer

Beta Functions

B(a,3) =f t'-' (l-t) 1ý" dt; a > 0

B(Ce,p) =rCa)r(p) a > 0
r(oa1p) p > 0

B(m,n) = (m!n-l)! nm integers

g. Hypergeometric and Confluent Hypergeometric Functions

Confluent Hypergeometric Functions

CO(a) ~k

F I(a,;x) I P= k k!. (a)k = rgýt 1 p 0, -1, -2,

k O 
k-
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F (af, ;x) r e xt t1 Q ( 1 -t)pCt- 1t p

1F I(a,a;x) = ex

~0

F (m,n;x) =nl) (m+k-13T k m,n integers

k-O

F ( n+i~;x) (1 +A) x ]
11 n

Hypergeometric Function

2Fl~~= P;-;-y fl tp- (i-t)Y-P 1 (l-tx)-fc dt a>>o

h. Generalized Laguerre Polynomial

e~) Z n (e z F)-na~4zn n! dz.nr a+l, 1 1I [Ref. 2], p. 189]

n n+a

La(z) =I ý.)m
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i. Whittaker Functions

wa~ (X) = x 1+12 -/ e-x t P--(1/2) (+)3+,-ic(1/2) dt

a ~+ I >0
2

For n,rn integers

( x) e-x/2x0
(1-rn-n)/2,(n+rn)/2 = ~(n+mn1)/2

n+m-1

W(x) = (rn+n+l)/2 -x/2 I k+1 X - 0

(m~n-l/2,(n~)/2 ek=O (n+rn-k-i)! x l x

(x)n- I +n2 x2 m-1 \ (r+n+k-l) ,

n/2,+[(-l)/r(+(n/2)! eX2 kl) xm+n+k
k=O

Wn244 ni) 2 (x) x rn+(n/2) e-x/2 m+n..1(l 4 m ~---j1)

w (x) = rn-[(n-1)/2] e-x/2 m(m (rn-n+k)! x> 0

n/2,rn-t(n-1)/2) (rn-n)! - I k rn-n+k m ýn
k=O

W-n/ 2 ,mE(nil)/23 (X) x M! _____ mk~ i
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2. Some Useful Relationships between Transcendental Functions

a. Marcum Q Function

1) n = 1, Q,.(ap) = Q(a,P)

Q(a,•) = 1-exp (- (~k ia) a

Qx) 2 1 Ik(C+e) a> a > o

Q(cz,•)+Q() = 1 - exp ( • -- ~

1 ep)QED Ik (cP) a >

k--O

Q(a,a) + ( -a 2= 1 + 2
2 I01140-

For a >> P >> 1

Q(a,P) - "I - a Fa exp 2

For >> a >> 1
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eX/ Q(J~a;. /b dx -c +x ( a' )/ ( Q(2bc a (bg~ c -ý)7)fobc-i 1x bc -i1bc-i "J

+ cel/C Q(J/'2, V/by For a,b,c > 0

d Q~a ~ (x2E2+ a2 i (ax) x 0
dx~ ~ -x exp

dx2 2

d-Q(x,P) =0epZ±-I (Px)l x 0
dx 2 1

k=0

2) m

q~,)=Q(cx,p) + exp (-1 ft (k 1 C

0eX/ Qm(JJ;ý~) dx = -c + c (bc-)t exp (b -a1

* - m ( abc 2(bc-1)2'\)

b c-i' c/

+ce7/C %(J,J~a Vb a,b,c > 0

xexp ((x) ) ( 2 k/2 W (x)
c k! (+kl)T W(m+k-l)/2,(m+k)/2m

k=0 O
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b. Modified Bessel Functions

First Kind

n I n-1 ( x) dx = x) In(x)

fx'n In+1 (x) dx = x-n I )

I () = I.n(x)

en 1() dx xeX [10 W - 1l(x)]

fex Io(x) dx = xe"x [1o(X) + I 1 (x)]

fex Ii(x) dx = ex ((l-X)Io(x) + XIl(X)]

fex I (x) dx = ex [(i-x)10(W + xi1(x)]

fcO- xe- 7x 2 1 (ax) i pax 12)n > -I

IN I A = '27 7 > 0
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Second Kind

fxf Kn1 (x) dx = -x Kn(x)

•K1x) dx = -x" K nx)

f 00 -a Ie %(bx) dx - 1 arc cos b > lal

00j x PL1  K~ (ax) dx 2 p - ýL v r P v)4 v

JO v/all 2 2 a >0

c. Whittaker Function and Gamma Function

k(x) 2 1/2

2 )x2 r @) = r(X) 0(a-i)

d. Confluent Hypergeometric Function

1 F1 (a,p;x) = ex FI(P-aP;-x)

SIF(acC+I,-x) = axxx f et dt = z' ,(+l) I > 0

"where ( is the incomplete gamma function.
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F l~~lx)= e-x xa P(a+l) I Z a-) a>O0

1 F(.,-x 2) =-2erf x x>O0

1 F1(-n,1;x) = L n(x) original Laguerre polynomial

1F (-n,a+l,x) n! rU~aj- L a(x) general Laguerre polynomial

1F (a+..1,2a~+,x) 2 2a1( 1+) ex/2 Ix

x

F .1,; -x) _-x/2 10(2

1F1(i,2;-x) e-x/2 [I(~

1Fl(- ilt-x) e= x/2 1(~+x) I()+

1 2x/ 1-x J2(2) + X,1(2201

F=Ix e-x/2 -x I 12)

1____ 2 1) /(2 +~L 1 LA

x ~ F /R~C 2(p-dx 1 -/ I___ F

00 x -a L(x xr2a(P+U+1)/i2" r(g+l) l4/

a >0, P+P > -
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e. Generalized Laguerre Polynomial

n! "00( + e z a (Z) a(z) dz =

f. Special

n &k n
m) (l+x)n-k = x n-k

2.k- kk-m)
k=m \kmk=m\k-

where m, n, and £ are integers and 0 g m :9 n.

[Ref. 29]

t6-
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